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Using Brownian dynamics (BD) simulations we investigate the impact of shear flow on structural
and dynamical properties of a system of charged colloids confined to a narrow slit pore. Our
model consists of spherical microions interacting through a Derjaguin-Landau-Verwey-Overbeek
(DLVO) and a soft-sphere potential. The DLVO parameters were chosen according to a system
of moderately charged silica particles (with valence Z ∼35) in a solvent of low ionic strength. At
the confinement conditions considered, the colloids form two well-pronounced layers. In the present
study we investigate shear-induced transitions of the translational order and dynamics in the layers,
including a discussion of the translational diffusion. In particular, we show that diffusion in the
shear-melted state can be described by an analytical model involving a single shear-driven particle
in a harmonic trap. We also explore the emergence of zig-zag motion characterized by spatio-
temporal oscillations of the particles in the layers in the vorticity direction. Similar behavior has
been recently observed in experiments of much thicker colloidal films.
PACS numbers: 82.70.Dd,83.50.Ax,05.70.Ln,82.70.Kj
I. INTRODUCTION
Colloidal systems subject to one or several confining
surfaces have been a focus of intense theoretical and ex-
perimental research for decades [1]. Recently, interest in
this area, which has long been devoted to the structural
and phase behavior of confined colloids, has shifted to-
wards non-equilibrium phenomena arising in presence of
a driving mechanism, examples being shear flow, mag-
netic field gradients or electric fields [2, 3].
The reasons for the strong interest in driven, confined
colloidal systems are manifold: First, from the experi-
mental side, confined colloidal suspensions can serve as
well controllable and (compared to atomic systems) ac-
cessible model systems to study the behavior of con-
densed matter in restricted geometries. An important
aspect, especially for the investigation of the dynamics,
is that colloidal particles are typically large (and thus
slow) enough to be followed by real-space methods such
as video microscopy. Two recent examples in the context
of transport phenomena are the observation of excitons
(kinks and antikinks) in driven colloidal monolayers [4],
and the crossover from single-file to conventional Fick
diffusion in colloidal nano channels [5]. Second, from
the theoretical and simulation side, many properties of
colloids in and out of equilibrium can be described by es-
tablished effective interaction models where the solvent
enters only implicitly. This enables one to directly em-
ploy a broad variety of semi-analytical methods such as
density functional theory [6] and its dynamical exten-
sions [7], mode-coupling theory (MCT) [8, 9], as well as
particle-resolved computer simulations such as Brownian
Dynamics (BD). For example, strong interest has been
recently devoted to the understanding of the nonlinear
response of single colloids driven through a highly corre-
lated colloidal environment (”active microrheology”), a
topic which has been studied by simulations, MCT, and
by experiment [10, 11]. Finally, driven colloidal systems
have a variety of applications such as in lubrication sci-
ence [12, 13], in some medical contexts (i.e., synovial fluid
lubrication, tissue shearing) [14–18] but also in macro-
scopic contexts such as traffic jam [19, 20].
Among the broad variety of driving mechanisms, the
present paper is devoted to the impact of shear. In par-
ticular, we present a detailed BD simulation study of a
system of charged colloidal spheres under the combined
influence of strong spatial confinement, as realized by two
plane-parallel, smooth walls, and planar, steady shear
flow. We focus on dense systems composed of only two
layers of particles between the confining plates, i.e., so-
called ”bilayers”. Our main goal is to explore the dynam-
ical features of the particles accompanying the structural
changes induced by shear. Indeed, previous simulation
studies have already shown that application of shear on
dense colloidal bilayers can induce complex changes of
the in-plane positional structure [21]. One key aspect of
the present study concerns the associated changes of the
translational mobility as measured by the mean-squared
displacement (MSD). In particular, we show that the
combined impact of confining geometry and strong cor-
relations has a profound impact on the in-plane MSD,
which strongly differs from that observed for a free parti-
cle in shear flow. We also suggest a corresponding analyt-
ical model. Another key question of our study is whether
bilayer systems display shear-induced collective, oscilla-
tory modes. Indeed, such dynamical modes (a ”zig-zag”-
like motion in vorticity direction) were recently observed
in an experimental study of three-dimensional (3D) col-
loidal crystals under shear [22]. Here we demonstrate
that such oscillatory motion (in steady shear) also oc-
curs in strongly confined systems, with characteristics
very similar to those observed in the experiment.
In our computational study we concentrate on bilayer
systems whose zero-shear structure is characterized by
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2crystalline in-plane order with square-like symmetry. In-
deed, it is well known that already the equilibrium behav-
ior of strongly confined colloidal systems is quite complex
as they can form a variety of crystalline states depend-
ing on the details of the wall separation, density, and
interaction range [23]. In the present case, the interac-
tions are described on an effective (i.e., solvent-free) level
via Derjaguin-Landau-Verwey-Overbeek (DLVO) theory,
with parameters suitable for moderately charged silica
nanoparticles. The resulting model has already been
successfully applied in previous studies [24]. In par-
ticular, we have shown that the charged-colloid bilayer
forms square, hexagonal and buckled phases, in quali-
tative agreement with the well-known behavior of hard
spheres [25]. Thus, the present model seems to be an
ideal candidate to investigate the dynamical behavior of
sheared bilayers. Moreover, by working with an already
tested parameter set [24, 30] we can ensure that our pre-
dictions can, in principle, be tested in an experiment.
In the subsequent section II, we describe our model
system and the details of our computer simulations. In
the present work we follow earlier studies of shear-driven
suspensions [26, 27] in that we neglect hydrodynamic in-
teractions, an approximation which strongly facilitates
the computations in terms of efficiency. Numerical re-
sults are presented in Sec. III. We start in Sec. IV A by a
discussion of shear-induced structural changes, followed
by a numerical analysis of the translational single-particle
dynamics in Sec. IV B. In Sec. IV C we suggest an ana-
lytical model which successfully describes the simulation
results for the MSD at intermediate shear rates. Finally,
in Sec. IV D we report our observations on zig-zag mo-
tion at high shear rates. We close with a summary and
conclusion in Sec. V.
II. MODEL SYSTEM
We consider a colloidal suspension composed of (silica)
macroions, salt ions, counterions, and solvent molecules.
In order to make this complex, multicomponent, sys-
tem accessible for a theoretical study we employ the
DLVO approximation. In this framework, the focus is
on the macroions, whereas the influence of the individ-
ual counter- and salt ions is described in a mean-field
manner [28]. The result of such an approximation is
a screened Coulomb interaction between the macroions,
i.e., a Yukawa-like potential
UDLV O(r) = W
exp (−κr)
r
, (1)
with a prefactor
W =
(
Z˜e0
)2
4pi0
exp (κσ) . (2)
As seen from Eq. (2), the prefactor W is a function of
the elementary charge e0, the permittivity of the vacuum
0, the permittivity of the solvent , the effective valency
Z˜ = Z/(1+κσ/2) and the inverse Debye screening length
κ =
√
e20
0kBT
(Zρ+ 2INA). (3)
The inverse Debye length determines the range of repul-
sion between the macroions. In Eq. (3), ρ is the density
of macroions, T is the temperature of the system and I is
the ionic strength which measures the salt concentration
in the solution. Finally, NA and kB are the Avogadro
constant and the Boltzmann constant, respectively.
In addition to the charge-induced interaction we also
take into account the steric repulsion between macroions.
To this end we supplement the DLVO potential by the
repulsive part of the Lennard-Jones potential, that is, the
soft sphere (SS) interaction
USS(r) = 4SS (σ/r)
12
, (4)
with SS/kBT =1. So the total fluid-fluid interaction
reads
UFF (r) = UDLV O(r) + USS(r). (5)
Following earlier work [29] we have truncated and
shifted the potential at the cutoff radius rc=2.97σ, such
that UFF (rc)=0 and FFF (r)||r|=rc=0 with FFF (r) =
−∇UFF (r). The parameters for the DLVO interaction
were set in accordance to the experimental setups in
[24, 30] to Z=35, σ=26 nm, T=298 K, =78.5 and
I=10−5 mol/l. These parameters determine the di-
mensionless prefactor of the Yukawa potential, W ∗ =
W/(kBTσ), and the inverse Debye screening length κ
∗ =
κσ via Eqs. (2) and (3). In the present study we have
chosen the reduced density ρ∗ = ρσ3=0.85, yielding
W ∗=123.366 and κ∗=3.22.
In using DLVO theory we have to keep in mind that
the standard DLVO potential introduced in Eqs. (1)-(3)
pertains to a bulk system, where each macroion is sur-
rounded by a spherical cloud of counterions. Here, we are
considering strongly confined systems where the counte-
rion clouds are distorted. Nevertheless, as we have al-
ready seen in previous investigations [24, 30], the bulk
DLVO theory yields a good description at least of struc-
tural phenomena such as layering. This can be explained
by the fact that, at the conditions considered (κ∗ = 3.22),
the thickness of the screening layer κ−1 is small compared
to the colloidal diameter. As a consequence the deforma-
tion of the counterion clouds is only a minor effect. Here
we use similar conditions as in [24, 30] and thus employ
bulk DLVO theory.
Finally, to mimic a slit-pore geometry, the colloidal
particles are confined by two soft plane-parallel walls of
infinite extent in the x − y plane and located at z =
±Lz/2. The interaction between the colloids and the
walls is described by
UFS(z) =
4piW
5
((
σ
Lz/2− z
)9
+
(
σ
Lz/2 + z
)9)
,
(6)
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FIG. 1. (Color online) Definition of the coordinate system
and schematic illustration of the shear cell. The plane with
red dashed edges indicates the zero-velocity plane, which is
positioned at z=0.
with W /kBT =1.
III. SIMULATION DETAILS
To investigate the non-equilibrium properties of our
model system of confined colloidal particles we employ
overdamped Brownian dynamics (BD) simulations, using
an algorithm suggested by Ermak [31]. In this frame-
work, the equation of motion reads
ri(t+ δt) = ri(t) +
D0
kBT
Fi(t)δt+ δWi + γ˙zi(t)δtex,
(7)
where ri(t) = (xi(t), yi(t), zi(t)) describes the position of
the i-th particle at time t, and Fi(t) is the sum of conser-
vative forces resulting from the pair interaction between
particles [see Eq. (5)] and the repulsive interaction be-
tween the particles and the wall [see Eq. (6)]. We apply
a plane Couette shear flow in x-direction with gradient
in z-direction and vorticity in y-direction. As reflected
by the last term on the right side of Eq. (7), we impose a
linear velocity profile characterized by the shear rate γ˙.
This is a common approximation also employed in other
recent simulation studies of sheared colloidal systems (see
e.g. [21, 26]). As we will later see, however, the effective
shear rate can indeed differ from γ˙. The shear geome-
try with the zero-velocity plane at z=0 is illustrated in
Fig. 1.
Within the framework of BD, the influence of the sol-
vent on each colloidal particle is mimicked by a friction
constant and a random Gaussian displacement δWi. The
friction constant is set to (D0/kBT )
−1, where D0 is the
short-time diffusion coefficient. The value δWi has zero
mean and variance 2D0δt for each Cartesian component.
The timescale of the system was set to τ = σ2/D0, which
defines the so-called Brownian time. The timestep was
set to δt = 10−5τ . We consider a system of 1058 parti-
cles which are confined in a rectangular L×L×Lz box.
Periodic boundary conditions in flow (x) and vorticity
(y) direction were applied. The side lengths of the shear
cell were set to L = 23.786σ and Lz = 2.2σ, respec-
tively, resulting in a reduced density of ρ∗=0.85. In pre-
vious Monte Carlo simulations [25] it was already shown
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FIG. 2. (Color online) Simulation snapshots at ρ∗=0.85 and
Lz=2.2σ for different shear rates. The yellow (red) circles
represent particles of the upper (lower) layer.
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FIG. 3. (Color online) Density profiles in the shear gradient
(and confinement) direction for different shear rates.
that under these confinement conditions the equilibrium
structure of the system corresponds to two layers of par-
ticles with square-like positional order. In the present
work we begin our simulations from this initial configu-
ration, which is illustrated in Fig. 2a).
IV. RESULTS
A. Shear-induced structural changes
As a starting point we investigate the shear-induced
changes of the structure of the confined colloidal bilayer.
The system was equilibrated for 5×106 steps (i.e. 50τ),
40
0.2
0.4
0.6
0.8
1
0 100 200 300 400 500
Ψ
n
γ. τ
n = 4
n = 6
FIG. 4. (Color online) In-plane order parameter for square
(Ψ4) and hexagonal (Ψ6) symmetry as a function of the shear
rate γ˙.
after which the shear force was switched on. The simula-
tions were then carried on for an additional period of 50τ ,
during which a non-equilibrium steady state was reached.
Only then we started to analyze the system properties.
As a first step, we calculated the density profile in z-
direction, ρ(z) = 〈N(z)/N〉 with N(z) being the instan-
taneous number of particles at a given vertical distance
z. Second, we have obtained the translational in-plane
order parameters Ψn defined by
Ψn =
〈
1
Nl
Nl∑
i=1
1
N bi
∣∣∣∣ N
b
i∑
j=1
exp(inθj)
∣∣∣∣
〉
. (8)
In Eq. (8), Nl is the instantaneous number of particles
in the layer considered [the position of this layer can be
extracted from ρ(z)], and N bi is the number of neighbors
of particle i in the layer. The number is calculated from
the intralayer pair correlation function, gintra(R), where
R =
√
x2ij + y
2
ij is in the in-plane separation of two par-
ticles. The intralayer correlation function is defined as
gintra(R) =
L2
N2l A
〈
Nl∑
i=1
Nl∑
j 6=i
δ(R−Rij)
〉
, (9)
where A is the corresponding annulus. The number N bi
then follows as the instantaneous number of neighbors
of particle i within a Radius Rcij , corresponding to the
first minimum in gintra(R). In the following we focus on
the order parameters Ψ4 and Ψ6 measuring how close the
system is to a perfect square (Ψ4=1, Ψ6=0) or hexagonal
order (Ψ4=0, Ψ6=1), respectively.
Numerical results for ρ(z), Ψ4/6 and gintra(R) are plot-
ted in Figs. 3, 4 and 5, respectively. For their inter-
pretation, it is instructive to inspect additionally the
simulation “snapshots” at different shear rates shown in
Figs. 2a)-d). From these snapshots and the plots of Ψn
we find that there are three different structural regimes.
At small shear rates (γ˙τ ≤ 220) the system retains in-
plane crystalline order with square symmetry. Indeed,
as seen from Fig. 4, the order parameter Ψ4 is close to
1 throughout this range of shear rates. In the subse-
quent, relatively small regime (230 ≤ γ˙τ ≤ 250) the in-
tralayer structure becomes disordered [see Fig. 2c)], and
the system can be considered as shear-melted. Finally, at
(γ˙τ≥260) the system displays a reentrant crystallization
into a state with hexagonal symmetry. This is character-
ized by an increase of the hexagonal order parameter Ψ6
above the threshold value 0.7 [see Fig. 4].
The shear-induced structural changes are also reflected
by the density profile [see Fig. 3]. At small shear rates, at
which the system persists in the square-crystalline state
the layers remain to have the same distance with respect
to each other (as inferred from the location of the den-
sity peaks) as at γ˙τ = 0. But entering the shear-melted
state, the distance between two layers increases. This
can be explained by the fact that the shear force now
yields a net motion of the layers (see Sec. IV B), while
at the same time, particles can now escape their lattice
positions. This induces an effective repulsion between
the layers, which the system compensates by accepting
a smaller distance between the layers and the confining
walls. Finally, we briefly inspect the correlation function
gintra(R) plotted in Fig. 5. It is seen that this function
displays profound changes when going from one shear
regime to the next. Specially, in the range γ˙ tau≤220,
gintra(R) has a well defined form corresponding to the
4-fold symmetry [see Fig. 5a)-b)]. Entering the disor-
dered state, the intralayer distribution function displays
a liquid-like structure reflecting a loss of long-range posi-
tional correlations. At even larger shear rates gintra(R)
becomes again crystal-like, this time reflecting a 6-fold
symmetry.
Similar results were observed in an earlier simulation
study of a colloidal bilayer under shear [21]. However,
the calculations in [21] were performed at a significantly
lower reduced density. This may explain why the first
peak of gintra(R) in the hexagonal state is a single peak
in [21], whereas it is splitted in our study [see Fig. 5d)].
We interpret this splitting as an indication that the shear
slightly distorts the hexagonal symmetry in very dense
layers. To this end we view the hexagonal lattice as a
collection of strings along the flow (i.e., x-) direction.
Due to the shear and the presence of an adjacent layer
[see Fig. 2d)], the distance between nearest neighbors in
different strings along the flow (i.e., x-) direction will be
slightly larger than that of nearest neighbors in the same
string. It seems plausible that this effect will be partially
pronounced at high densities such as the one considered
in our study (ρ∗ = 085).
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FIG. 5. (Color online) Intralayer distribution function
gintra(R) at different shear rates.
B. Translational dynamics
We now turn to the discussion of the dynamical prop-
erties of our bilayer system. We start by investigating the
motion of one of the layers in the shear flow. To this end
we calculate the position of the layer’s center of mass,
∆rcm(t) =
〈
1
Nl
Nl∑
i=1
(ri(t+ t
′)− ri(t′))
〉
, (10)
with t′ referring to the starting point of the calculation.
In Figure 6a) we plot results for the function ∆rcm(t) in
flow direction. It is seen that the square-ordered struc-
ture appearing at small shear rates is characterized by
zero net motion of the layers. This changes only when γ˙
is increased towards values pertaining to the shear-melted
state. Finally, after the reentrance of the crystalline state
(with hexagonal order) we observe in Fig. 6a) even faster
net motion of the layers. These trends are also reflected
by the velocity profile defined as
vx(z) =
1
N(z)
N(z)∑
i=1
xi(t+ ∆t)− xi(t)
∆t
, (11)
with N(z) corresponding to the number of particles at
the considered z-position. Results for vx(z) are plot-
ted in Fig. 6b). The data are strongly accumulated at
z ≈ ±0.4σ, corresponding to the peaks in the density
profile [see Fig. 3]. Nevertheless, as seen in Fig. 6b), we
can fit the data, to a reasonable degree, by linear func-
tions, consistent with our ansatz for the imposed shear
flow in Eq. (7). Interestingly, the slope of these fitted
linear profiles, γ˙eff , turns out to be different from the
externally imposed value γ˙. In order to understand the
deviation between the applied and the effective shear rate
we have plotted the effective shear rate γ˙effτ as a func-
tion of the applied shear rate γ˙τ . The results are plotted
in Fig. 7. Indeed γ˙effτ ≈ 0 in the square-ordered regime
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FIG. 6. (Color online) The position of the center of mass
(PCM) in flow direction (a) and the velocity profile of the
system (b) at different shear rates.
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FIG. 7. (Color online) Effective shear rate (as determined
from the velocity profile) as a function of the shear rate γ˙τ .
(γ˙τ ≤220), reflecting the zero net motion of the parti-
cles. In the shear-melted and hexagonal state, we find
γ˙effτ > 0, but with values which are significantly lower
than γ˙. We conclude that the effective repulsive interac-
tion between the layers (which is also responsible for the
larger layer distance, see Fig. 3 and thus, the increased
friction, reduces the velocity of the layers.
Next, we consider the relative mean squared displace-
ment (MSD) of particles within the layers. This function
corresponds to the usual MSD corrected by the motion
of the center of mass. Specifically,
∆r2(t) =
〈
1
Nl
Nl∑
i=1
(ri(t+ t
′)− ri(t′)−∆rcm(t))2
〉
.
(12)
By considering the relative MSD we can directly compare
the mobility in the hexagonal and shear-melted state,
where the entire layers move, with the mobility in the
6square-ordered state, where there is no such motion. Re-
sults for the components of the relative MSD in flow and
vorticity direction are shown in Fig. 8. At zero shear
rate, both MSD components approach a plateau at long
times, reflecting the (persistent) trapping of the particles
at the sites of the square lattice.
With the onset of the shear flow (small shear rates) this
behavior at first persists. In fact, the y-component does
indicate a small degree of mobility, but the entire behav-
ior remains subdiffusive (i.e. MSD ∝ tα with α < 1)
for the whole time range investigated. An appreciable
in-plane mobility is only observed in the shear-melted
state. Here, the particles escape their lattice positions
and start to diffuse along both, the flow and the vortic-
ity direction. The resulting non-trivial time dependence
of the MSD will be analyzed in detail in Sec. IV C. Upon
further increase of γ˙ we find from Fig. 8a) that the MSD
in flow direction develops a new plateau, thus indicat-
ing the reentrance of crystalline (this time, hexagonal)
ordering within the still-moving layers. The emergence
of a plateau at long times is also visible in the MSD in
vorticity (i.e., y-) direction.
C. Diffusion in the shear-melted state
In this section we attempt to describe the translational
dynamics within the shear-melted state in an analytical
fashion. The key ingredient is the fact that, although
the lateral structure within this state is liquid-like, the
particles are still essentially trapped in their layers. Here
we approximate this confinement by a harmonic potential
acting on each particle in z-direction, i.e. the shear gradi-
ent direction. We also assume that the confinement into
the layers already represents the most important many-
particle effect in our system. In other words, after in-
troducing the (harmonic) confinement we consider the
particles as independent. The corresponding equations
of motion read
x˙(t) = γ˙hz(t) +
√
2DhRx(t) (13a)
y˙(t) =
√
2DhRy(t) (13b)
z˙(t) = −Dhω
kBT
(z(t)− z0) +
√
2DhRz(t) (13c)
with 〈Ri(t)〉 = 0 and 〈Ri(t)Rj(t′)〉 = δijδ(t − t′). The
harmonic trap enters into Eq. (13c), with ω playing the
role of a spring constant. Similar equations have been re-
cently derived and analyzed in [32, 33]. Solving Eq. (13)
we obtain
x(t) = x0 +
∫ t
0
(
γ˙hz(t
′) +
√
2DhRx(t
′)
)
dt′, (14a)
y(t) = y0 +
√
2Dh
∫ t
0
Ry(t
′)dt′, (14b)
z(t) = z0 +
√
2Dh exp
(
−Dhω
kBT
t
)∫ t
0
exp
(
Dhω
kBT
t′
)
Rz(t
′)dt′. (14c)
From Eq. (14) we can calculate the MSDs in the flow
direction,
〈
(x(t)− x0)2
〉
= 〈
∫ t
0
(
γ˙hz(t
′) +
√
2DhRx(t)
)
dt′
∫ t
0
(
γ˙hz(t
′′) +
√
2DhRx(t
′)
)
dt′′〉 (15a)
=
∫ t
0
∫ t
0
γ˙2h〈z(t′)z(t′′)〉dt′dt′′ + 2Dht (15b)
= γ˙2hz
2
0t
2 − γ˙
2
hk
3
BT
3
D2hω
3
(
3 + exp
(
−2Dhωt
kBT
)
− 4 exp
(
−Dhωt
kBT
)
− 2Dhωt
kBT
)
+ 2Dht (15c)
= 2Dht+ γ˙
2
hz
2
0t
2 +
2Dhγ˙
2t3
3
+ γ˙2hDh
( ∞∑
n=4
2ntn
n!
(
−Dhω
kBT
)n−3
− 4
∞∑
n=4
tn
n!
(
−Dhω
kBT
)n−3)
(15d)
and vorticity direction,〈
(y(t)− y0)2
〉
= 2Dh〈
∫ t
0
Ry(t)dt
′
∫ t
0
Ry(t
′)dt′′〉 (16a)
= 2Dht. (16b)
Inspecting Eqs. (15) and (16) we see that, within our
idealized model, the MSD in vorticity direction displays
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FIG. 8. (Color online) The position of the center of mass in
flow direction (PCMx) and the mean squared displacements
within the layer in flow (MSDx) and vorticity (MSDy) direc-
tions at different shear rates.
normal diffusive behavior ∝ t. Regarding the MSD in
flow direction, the first and the second term on the right
side of Eq. (15d) represent contributions from the free
diffusion and the net motion of the entire layer (with
velocity γ˙z0), respectively. The third term ∝ t3 also ap-
pears when one considers a free particle under shear flow
[34]. It results from the diffusion of the particle along the
velocity gradient. The last terms stem from the interplay
of the harmonic confinement and the shear flow. Indeed,
one finds that for ω → 0 the MSD reduces to that for a
free particle in shear flow.
To compare these analytical predictions with our sim-
ulation results, we set kBT=1, z0=±0.341 and γ˙h=104.
The latter value corresponds to the effective shear rate
at γ˙τ = 230 [see Fig. 6b)]. We then use the functions de-
fined in Eqs. (15d) and (16b) to fit the simulation data,
the fitting parameters being Dh and ω. The results of
this procedure are shown in Fig. 9a)-b), where we fo-
cus on the MSDs at long times. It turns out that the
two MSDs obtained from the BD simulation can indeed
be fitted nearly perfectly by the analytical expressions
if we allow the diffusion constants Dh to be different in
x- and y-direction. Specifically, we find Dxh = 0.0004
and Dyh = 0.002. We understand these small values as
a consequence of our strategy to describe the diffusion
of a particle in a very dense, highly correlated system in
an effective single-particle manner. The value obtained
for the spring constant is ω = 1419. The resulting har-
monic potential is plotted in Fig. 9c) together with the
density profile, showing that the widths of the harmonic
wall describes that of the density profile very well.
Taken together, we can conclude that lateral diffusion
in the shear-melted state of our confined system is indeed
accurately described by the dynamics of a harmonically
trapped free particle under flow.
0
50
100
150
200
250
300
350
M
S
D
x
(a)
γ. τ = 230
fit
0
0.02
0.04
0.06
0.08
0 5 10 15
M
S
D
y
t/τ
(b)
γ. τ = 230
fit
0
0.01
0.02
0.03
0.04
0.05
0.06
-0.4 -0.2 0 0.2 0.4
0
0.2
0.4
0.6
0.8
1
ρ(
z)
σ3
U
* h
ar
m
z/σ
(c)
0
50
100
150
200
250
M
S
D
x
(a)
γ. τ = 230
fit
0
0.02
0.04
0.06
0.08
0.1
0 5 10 15
M
S
D
y
t/τ
(b)
γ. τ = 230
fit
0
0.01
0.02
0.03
0.04
0.05
0.06
0
0
0.2
0.4
0.6
0.8
1
ρ(
z)
σ3
U
* h
ar
m
z/σ
(c)
0
50
100
150
200
250
M
S
D
x
(a)
γ. τ = 230
fit
0
0.02
0.04
0.06
0.08
0.1
0 5 10 15
M
S
D
y
t/τ
(b)
γ. τ = 230
fit
0
0.01
0.02
0.03
0.04
0.05
0.06
0
0
0.2
0.4
0.6
0.8
1
ρ(
z)
σ3
U
* h
ar
m
z/σ
(c)
γ. τ = 230
U*harm
FIG. 9. (Color online) Fit of the mean squared displacements
of one sheared particle in harmonic potential with the simu-
lated system at γ˙τ = 230 in flow direction (a) and vorticity
direction (b). From the fit resulting harmonic potential was
compared with the density profile in (c). The parameters used
in the fit are Dxh = 0.0004, D
y
h = 0.002 and ω = 1419.
D. Zig-zag motion at high shear rates
In this section we explore the appearance and charac-
teristics of collective particle motion in our shear-driven
colloidal bilayers. The presence of such collective modes
is suggested by recent real-space experiments on three-
dimensional colloidal crystals of Polymethylmethacrylat
(PMMA) spheres under planar shear [22]. At suitable
shear rates and densities, this real system consists of
hexagonally ordered sliding layers, similar to what we
see in our bilayer system. Investigating then the motion
of individual PMMA spheres, a collective zig-zag motion
into the vorticity direction (i.e., the y-direction) was ob-
served [22]. In other words, strings of particles aligned
in x-(flow) direction oscillate in phase. The microscopic
origin of these oscillations can be understood when we
recall the mutual arrangement of two hexagonal layers
[see Fig. 2d)]. If these layers are moved relative to one
another, each particle of one layer experiences barriers
induced by the particles in the neighboring string in the
adjacent layers. To circumvent these barriers the parti-
cles have to bypass and then come back, yielding effec-
tively a zig-zag motion.
We have found that the same kind of collective motion
also occurs in our bilayer system. To visualize the zig-zag
mode we plot in Fig. 10 the number density of one layer
in y-direction defined by
n(y, t) =
〈
Nl∑
i=1
δ(yi − yi(t))
〉
(17)
as function of time (horizontal axis) and space (vertical
axis). One clearly identifies the regular character of the
oscillations; also, neighboring strings apparently oscillate
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FIG. 10. (Color online) Time evolution of the number density
n(y, t) at γ˙ = 500.
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FIG. 11. (Color online) Rescaled oscillation frequencies of the
zig-zag motion at different shear rates.
in phase.
Having in mind the microscopic origin of the oscilla-
tions, one expects their frequency to increase with the
shear rate. More precisely, the relevant shear rate in this
context should be not γ˙ (i.e., the externally imposed rate)
but rather γ˙eff , which corresponds to the effective local
shear rate already considered in Sec. IV B [see Fig. 6b)].
Indeed, in the experiments [22] it was found that the
oscillation frequency ω0 is proportional to the effective
shear rate. To test this expectation in our system, we
now consider the Fourier transform of the center-of-mass
position of one layer as function of time,
Fγ˙(ω) =
〈∫ tmax
0
∆ycm(t) exp(−ωt)dt
〉
, (18)
where ∆ycm(t) describes the shift of the position of the
center of mass as a function of time. Results for Fγ˙(ω) at
different shear rates are plotted in Fig. 11. Note that we
have scaled the frequency (horizontal axis) by the effec-
tive shear rate, γ˙eff . From Fig. 11a) we see that, within
the hexagonally ordered state (γ˙τ ≥ 300), the functions
Fγ˙(ω) are essentially zero apart from one, relatively sharp
peak, with its height and sharpness increasing with in-
creasing γ˙. This signals the presence of one dominant
oscillation frequency, consistent with the real-time plot
in Fig. 10. Moreover, the peaks are located at the same
scaled frequency ω0/γ˙eff ≈ 4.19. This scaling is in agree-
ment to the corresponding experimental observation [22].
For the present system, we have found that the oscil-
lation frequency ω0 obeys the relation
ω0
2pi
=
γ˙eff∆z
x0
, (19)
where ∆z = 0.69σ is the distance between the layers and
x0 corresponds to the in-plane distance between nearest
neighbors in flow direction. From the in-plane correla-
tions plotted in Fig. 5 we obtain x0 ≈ 1.03σ. The con-
stancy of the ratio ω0/γ˙eff for a range of shear rates
then shows that ∆z and x0 remain approximately con-
stant within the hexagonal regime. Figure 11b) contains
additional data for Fγ˙(ω) at lower shear rates. Recall
that the values γ˙τ = 230 and 250 pertain to the shear
-melted regime. As seen in Fig. 11b), the corresponding
functions Fγ˙(ω) still have one maximum, but its height is
much lower and the entire distribution is much broader
than in the hexagonal regime. In other words, there are
still oscillations in the shear-melted state, but these have
a broader spectrum of frequencies and are less synchro-
nized. Moreover, the location of the maximum is differ-
ent from the value ω0/γ˙eff ≈ 4.19 in the hexagonal state
and now depends on γ˙. This can be understood when we
recall that the particles in the shear-melted regime are
not bound to lattice sites, thus, there is no fixed nearest
neighbor distance. For completeness, we also note that
the maximum of Fγ˙(ω) still present in the shear-melted
state vanishes entirely upon further decrease of γ˙ into
the square-ordered state. Hence, there is no motion of
the layers, and thus no need for the particles to perform
oscillations.
In view of the collective zig-zag motion of the parti-
cles, seen in the number density n(y, t) (or, equivalently,
the center of mass) it is an interesting question whether
spatial correlations between the particles are influenced
as well. To this end we now consider the distinct part of
the intralayer van Hove correlation function defined by
G(y, t) =
〈
1
Nl
Nl∑
i=1
Nl∑
j 6=i
δ[y − yj(t+ t′) + yi(t′)]
〉
. (20)
At t = 0 this function reduces to the conventional pair
correlation function in y-direction. A representative re-
sult obtained at γ˙τ = 400 is shown in Fig. 12. The plot
clearly reflects strong correlations induced by the hexag-
onal ordering. Note that, by definition, the oscillations of
n(y, t) are not directly visible in G(y, t). However, closer
inspection of the time dependence of the correlations at
fixed y-distance reveals that there are oscillations in the
degree of the correlations. The period of these oscillations
appears to be constant over time. For a better anal-
ysis we have calculated the spatial Fourier transform of
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FIG. 12. (Color online) The distinct part of the van Hove
function in vorticity direction at γ˙ = 400.
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G(y, t), yielding the dynamic structure factor in vorticity
direction, S(qy, t). As expected in a strongly correlated
system, S(qy, t) (not plotted here) displays pronounced
maxima at multiple of q = 2pi/y0 where y0 ≈ 1σ is the
average nearest neighbor distance in y-direction. The
height of the largest peak, Smax(qy, t) can then be in-
terpreted as a measure of the degree of correlations. In
Fig. 13a), we plot Smax(qy, t) at different shear rates.
We can easily see that in the crystalline square-ordered
state the correlation level of the system is very high. In-
creasing the shear rate and entering in the melted state
the correlation strength in the system decreases until the
layers recrystallize in the hexagonal state which leads to
the increase of Smax(qy, t). Furthermore we can see, that
the correlation strength in the hexagonal state performs
oscillations. In order to understand this oscillatory be-
havior we plotted Smax(qy, t) rescaling the timescale with
γ˙eff for several shear rates pertaining to the hexagonal
regime. The results are visualized in Fig. 13b). One
observes indeed regular oscillations, confirming that not
only the particles themselves, but also their correlations
oscillate in time. Moreover, the frequency of the correla-
tional oscillations coincides with those obtained for the
position of the center of mass [see Fig. 11]. We under-
stand these correlations as follows: During one period
of the zig-zag motion, a particle moves from its origi-
nal position on the y-axis towards a position dictated by
the “bypassing” of the barrier induced by particle in the
adjacent layer, and then back to its original y-position.
In the instant corresponding to the bypass, the available
space is severely restricted. The same happens to the
neighboring particle in the same layer in y-direction. As
a consequence, correlations during the “bypass” are en-
hanced relative to those in the original arrangement.
V. CONCLUSIONS
In this paper we have presented a BD simulation study
of a bilayer composed of charged colloidal particles sub-
ject to planar shear flow. Starting from a high-density
equilibrium state with lateral crystalline (square-like) or-
der and switching on the shear flow, we find that the
structure first remains unchanged, with both layers being
”pinned” in their original position (i.e., zero net motion
of the layers). Only above a certain shear rate the layers
start to move. In this regime, the crystalline order first
melts, followed by a recrystallization into a state with
hexagonal in-plane ordering. We have then analyzed, in
detail, the translational single-particle and collective mo-
tion within the shear-melted and hexagonal state.
One key result of our study is that the time-dependence
of the in-plane mean-squared displacements in the shear-
melted (yet strongly correlated) state can be accurately
described by a simple, analytically accessible model. This
model involves a shear-driven single particle in a har-
monic trap acting in shear gradient direction, the lat-
ter representing the effective restriction of the particle’s
motion within layers parallel to the confining walls. In
the hexagonal state, on the contrary, the in-plane MSD’s
(corrected by the net layer motion) are characterized by
plateaus reflecting the caging of the particles around the
sites of the hexagonal lattice.
Another main result of our study is that the sheared
bilayer system in its recrystallized (hexagonal) state dis-
plays a ”zig-zag” collective mode, characterized by oscil-
latory synchronized motion of strings of particles along
the vorticity direction. The frequency of these oscil-
lations scales with the effective shear rate. The same
behavior has been recently observed in experiments of
shear-driven colloidal films, yet at macroscopic film thick-
nesses [22]. Moreover, we have shown that the oscilla-
tions of the particle positions are accompanied by oscil-
lations of the spatio-temporal correlation functions. To
quantify this behavior we have investigated the height
of the maximum of the time-dependent structure factor,
which shows regular oscillations in the hexagonal (but
not in the shear-melted) state.
At this point it seems worth to recall that our model
calculations (including the chosen parameter set) pertain
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to a realistic system of charged silica particles [24, 25].
Thus, our predictions can in principle be tested by ex-
periments. One main feature characterizing the real sys-
tems, but missing in our model, is the presence of a
solvent, which would induce hydrodynamic interactions
between the colloidal particles. However, previous sim-
ulation studies of sheared colloids have suggested that
hydrodynamic interactions mainly affect the timescales
[26] and tend to smoothen correlational effects but not
alters the qualitative behavior. Thus, we are confident
that our observations are detectable in real systems.
Starting from the present study, there are several in-
teresting routes to follow. An obvious extension is to-
wards oscillatory shear flow, a situation which has also
been investigated in experiments of 3D colloidal struc-
tures [26] and in simulations [9, 26]. Of particular im-
portance would then be the (presumably highly nonlin-
ear) rheological response of the system. Further, given
the shear-induced changes of translational order observed
in the present study it would be interesting to see to
which extent these ordering types survive when using
structured, crystalline walls (see [27] for a correspond-
ing recent BD study of a much thicker colloidal film).
Finally, it seems worth to establish in more detail the
links between the present systems, where the two layers
are sheared relative to one another, and models for nano
friction, where one typically considers the motion of a
crystalline monolayer of particles over a rough substrate.
That there is, indeed, such as link is already suggested
from the behavior of the effective shear rate as function
of the true γ˙ [see Fig. 7]. This behavior is very simi-
lar to that observed for the effective velocity in driven
monolayers [35, 36]. Moreover, for nano friction models
(such as the Frenkel-Kontorova-model) it is very well es-
tablished that they display complex dynamical behavior,
an example being the appearance of kinks and antikinks
[37]. Work in these directions is in progress.
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